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Magnetic energy transfer from small to large scales due to successive magnetic island coalescence is
investigated. A solvable analytical model is introduced and shown to correctly capture the evolution
of the main quantities of interest, as borne out by numerical simulations. Magnetic reconnection
is identified as the key mechanism enabling the inverse transfer, and setting its properties: mag-
netic energy decays as t˜−1, where t˜ is time normalized to the (appropriately defined) reconnection
timescale; and the correlation length of the field grows as t˜1/2. The magnetic energy spectrum is
self-similar, and evolves as ∝ t˜−3/2k−2, where the k-dependence is imparted by the formation of
thin current sheets.
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Introduction. The transfer of magnetic energy from
small to large spatial scales is a poorly understood plasma
process of fundamental relevance to a variety of space
and astrophysical environments. It may, for example,
play a critical role in the origin of large-scale galactic
magnetic fields [1], by enabling kinetic-scale seed fields
(e.g., Weibel [2] generated) to develop spatial coherence
on larger, perhaps fluid, scales [3]. Ultimately, the ques-
tions are not only whether such an inverse cascade is pos-
sible, but also how rapid and efficient it is — i.e., can an
inverse cascade deliver significant amounts of magnetic
energy to scales where ambient turbulence may efficiently
amplify it via turbulent dynamo processes?
Similarly motivated issues arise in the context of
gamma-ray bursts (GRBs) where one wonders if Weibel-
produced fields in the relativistic shock [4] can sur-
vive long enough to explain the observed powerful syn-
chrotron emission [3]. In the space-physics context, a
frequently encountered question concerns the dynamic
evolution of a complex, volume-filling “sea” of flux ropes
or magnetic islands, e.g., in the solar wind and the outer
heliosphere [5–8].
Past theoretical work on inverse magnetic energy
transfer has mainly developed along two directions: the
study of decaying turbulence, where the time evolution of
a random, small-scale, initial field configuration is inves-
tigated [e.g. 9–14], and the long-term evolution of Weibel-
generated current filaments via their coalescence [3, 15–
19]. In this Letter, we build on concepts from both of
these camps to present a conceptually new picture of in-
verse energy transfer which essentially relies on magnetic
reconnection as the enabler of such a process.
Hierarchical coalescence of magnetic islands. An an-
alytically tractable model for inverse magnetic energy
transfer is provided by a two-dimensional ensemble of
identical magnetic islands whose evolution proceeds via
their coalescence [20]. Throughout the paper, for sim-
plicity, we will adopt the resistive magnetohydrodynamic
(MHD) framework, but we note that our ideas should
qualitatively carry over to more advanced plasma de-
scriptions. We first assume that the (hierarchical) merg-
ing process occurs in discrete stages; at each stage (or
generation, denoted by index n), all islands are assumed
circular and equal to each other.
At any given n-th generation, a magnetic island can
be characterized by its radius Rn and the total flux
it encloses, ψn. The typical magnetic field in the is-
land, Bn = ψn/Rn, and the magnetic energy it contains,
n ' piR2nB2n/(8pi) = B2n/8R2n = ψ2n/8, can thus be de-
termined. Other quantities of interest are the Alfve´n
velocity vA,n = Bn/
√
4piρ (the flow is assumed to be in-
compressible, thus the density ρ is a constant); the num-
ber of islands per unit area Nn; and En = nNn, the total
magnetic energy density of the system.
Island merger changes the above quantities. We will
make two basic assumptions to determine the transition
from one generation to the next [18]. Firstly, the co-
alescence of two identical islands should conserve mass
(and hence the area, due to the incompressibility assump-
tion): two circular islands of radius Rn result in an island
of radius Rn+1 =
√
2Rn. Secondly, the magnetic flux
should remain constant: ψn+1 = ψn. The number den-
sity of islands, N , decreases by a factor of 2 through each
stage; the evolution of other quantities can be determined
straightforwardly from above conservation rules; e.g., Bn
and vA,n both decrease by
√
2 (see also [19]).
To transition from this discrete description to a contin-
uous time evolution, the life time for each island gener-
ation needs to be computed. We consider coalescence to
be a two-stage process: an initial island approach, result-
ing from Lorentz attraction, proceeding at roughly the
Alfve´nic rate; and the subsequent reconnection of the two
islands, taken to be much slower and thus dominating the
overall merger duration. We therefore express the merger
time for n-th generation islands as τn ' β−1rec,nRn/vA,n,
where βrec,n  1 is the dimensionless reconnection rate.
The main parameter controlling the reconnection
regime, and hence βrec,n, in resistive MHD is the
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2Lundquist number set by the parameters of the merging
islands: Sn ≡ RnvA,n/η, where η is the (constant) mag-
netic diffusivity. In particular, if Sn . 104, reconnection
proceeds in the Sweet-Parker (SP) regime [21, 22] with
βrec,n ' S−1/2n ; if, instead, Sn & 104, then reconnec-
tion proceeds in the plasmoid-dominated regime [23–31]
with βrec,n ' 0.01. Importantly, since Sn = RnvA,n/η ∝
RnBn ∝ ψn, which is preserved during mergers, we see
that Sn, and thus βrec,n, remain unchanged through-
out the evolution (Sn = S0). This non-trivial result
implies that the reconnection regime (SP or plasmoid-
dominated) that governs the island mergers is set by the
initial conditions[32].
From the above recursive relations for Rn, ψn, and
βrec,n, we find that the quantities evolve through gener-
ations as geometric progressions, resulting in:
ψn = ψ0; Rn = 2
n/2R0; Bn = 2
−n/2B0;
En = 2−nE0; Nn = 2−nN0; τn = 2nτ0.
(1)
The time taken to reach the nth generation is
tn =
n−1∑
k=0
τk = τ0
n−1∑
k=0
2k ≈ τ02n, n 1. (2)
Thus, the relationship between time and island genera-
tion n is tn = τ0t˜ = τ02
n, where t˜ ≡ tn/τ0. This allows
us to eliminate the index n and obtain the explicit, con-
tinuous time dependence of the quantities of interest:
k = k0t˜
−1/2, B = B0t˜−1/2, (3)
E = E0t˜−1, N = N0t˜−1, ψ = ψ0, (4)
where k ≡ 2pi/R.
An alternative derivation of the scaling B ∼ t−1/2,
Eq. (3), can be obtained by expressing the time evolution
of magnetic energy as dB2/dt ∼ B2/τrec, where τrec =
β−1recR/vA is the reconnection time. The constancy both
of the magnetic flux, ψ = BR, and of the reconnection
rate, βrec, then implies that τrec ∝ B−2 and, therefore,
B ∼ t−1/2. Interestingly, the same scaling is obtained
if we replace τrec with τA = R/vA as the characteristic
timescale for magnetic energy evolution [3, 11, 33]. Note,
however, that this happens only because of the constancy
of βrec that we have derived: physically, the mechanism
that dissipates magnetic energy is reconnection, and that
is thus what sets its timescale.
The growing lengthscale and decreasing field strength,
Eq. (3), can also be interpreted from the perspective of
dynamical renormalization. For an arbitrary scaling fac-
tor l, Eq. (3) is equivalent to the transformation:
k → l−1k; t˜→ l2t˜; B → l−1B. (5)
It is reassuring — and a confirmation of the consistency
of our dynamical model — that these relations are con-
sistent with the general self-similar properties of the (un-
forced) MHD equations [10, 34]; what we have shown,
however, is that a physical process exists that enables
such a rescaling.
Magnetic spectrum. The evolution of the system
which we have just described is not, in fact, character-
ized by a single scale (kisl): the current sheets (of trans-
verse scale kCS) which form during coalescence result in a
wide magnetic energy Fourier spectrum, kisl < k < kCS,
where, for SP reconnection, kisl/kCS = S
−1/2
0 (for S0 <
104). Islands and sheets evolve together [kCS(t) ∝ kisl(t)
since S0 = const], so, importantly, this entire scale range
evolves on the same timescale. Therefore, the magnetic
power spectrum U(k, t˜) in this scale range,
U(k, t˜) ≡ 1
8pi
2pik
(2pi)2
∫
d2reik·r〈B(x, t˜) ·B(x+ r, t˜)〉, (6)
transforms as U(k/l, l2t˜) = l−1U(k, t˜), according to
Eq. (5). The spectra at different times are thus related by
the scaling factor l, with a self-similar solution [10, 34]:
U(k, t˜) = t˜−1/2U¯(kt˜1/2), (7)
where U¯ is a scaling function of the variable kt˜1/2.
In the particular case of a power-law spectrum,
U¯(kt˜1/2) ∝ (kt˜1/2)−γ , the solution is:
U(k, t˜) ∝ t˜−αk−γ , (8)
where 2α = γ+1. In our system, the sharp magnetic field
reversals at the current sheets are expected to lead to γ =
2 [35] (i.e., a k−2 spectrum in the range kisl < k < kCS);
and thus α = 3/2. The decay of energy density at any
fixed wavenumber should then scale as Uk(t˜) ∝ t˜−3/2.
Numerical Study. To test the above results, we
numerically solve the two-dimensional incompressible
Reduced-MHD equations [36–38] using the pseudo-
spectral code Viriato [39]. In what follows, quantities
are given in dimensionless form. The domain is a pe-
riodic square box with sides of length L = 2pi. The
initial equilibrium is described by the stream function
φ(x, y) = 0 and the magnetic flux function ψ(x, y) =
ψ0 cos(k0x) cos(k0y), yielding a 2k0 × 2k0 static array
of magnetic islands with opposite polarities (Fig. 1, left
panel). In all runs we choose k0 = 8, and thus R0 =
L/4k0 = pi/16. We further set ψ0k0 = 1, implying
B0 ≡ ψ0/R0 = 2/pi. This initial equilibrium is perturbed
by small-amplitude, spatially random noise to initiate the
evolution. We perform a series of runs for different val-
ues of resistivity η ∈ {1 × 10−3, 7 × 10−4, 5 × 10−4, 3 ×
10−4, 1 × 10−4, 7 × 10−5}, which correspond to the ini-
tial island-scale Lundquist number S0 ≡ R0vA,0/η ∈
{125, 179, 250, 417, 1250, 1786}. Viscosity is set equal to
resistivity. We use 81922 grid points for S0 = 1786; 4096
2
for S0 = 1250, 417; and 2048
2 for S0 = 250, 179, 125. The
widths of initial (SP) current sheets are resolved with 3
or 4 grid points in all cases. Since S0 < 10
4 in all runs,
reconnection should proceed in the SP regime and no
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FIG. 1. Current density (colors) and magnetic flux (contours) at various times for the run with S0 = 1786.
(secondary) plasmoids are expected to arise; visual in-
spection of our simulations confirms this. Fig. 1 shows
the configuration of the system with S0 = 1786 at dif-
ferent times. As expected, island mergers lead to the
progressive formation of ever larger structures.
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FIG. 2. Time evolution of total magnetic energy (E) for all
values of S0. Time axis in the main figure is normalized to
the reconnection timescale τ0 = S
1/2
0 (pi
2/32) (in code units).
The inset figure shows same data vs. time in code units. The
power-law fit for S0 = 1786 is indicated for reference.
In Fig. 2 we plot the time evolution of the total mag-
netic energy E for all values of S0. After an initial tran-
sient period (represented by a time offset t0; for S0 =
1786 it is t0 = 4) the system enters a prolonged stage
of self-similar evolution with power-law-in-time behav-
ior; other quantities, such as the number of islands[40],
N(t), or the spatial maximum of the flux, ψmax(t), be-
have similarly. We fit this data to functions of the form
(t− t0)λ. The measured power-law indices, λE , λN , and
λψ are found to converge to the predictions of our hierar-
chical model, Eq. (4), as S0 increases, as shown in Fig. 3.
This suggests that the hierarchical model can indeed cap-
ture the basic dynamics of the merging system. We also
find that the time offset t0 increases with S0, consistent
with the expected scaling of the reconnection rate.
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FIG. 3. Power-law exponents as functions of initial Lundquist
number S0. Dashed lines represent the predictions of our
model, Eq. (4).
Additionally, Fig. 2 clearly demonstrates that the char-
acteristic timescale for the magnetic energy evolution is
the reconnection time, τ0. This is evidenced by the ap-
proximate collapse of all curves in the main plot, where
the time axis is normalized to τ0, but not in the inset
figure, where time is in code units.
Fig. 4 (top panel) shows the magnetic spectrum U(k, t)
at different moments of time for the S0 = 1786 run. As
is visually intuited from Fig. 1, we observe that the peak
of the spectrum moves to larger scales, while retaining
an overall similar shape. To the right of the peak, these
spectra exhibit power-law behavior (an inertial range),
with a slope that is well approximated by the index γ = 2
(in agreement with [12, 13]). We think that this index
is due to the presence of thin current sheets [35]; indeed,
a k−2 slope forms even before any coalescence has taken
place, and thus it cannot be yielded by the magnetic
island distribution. The kinetic energy spectrum (not
4shown) exhibits a peak at roughly the same wavenumber
as the magnetic energy, but follows a shallower power-
law, ∼ k−1. This is consistent with the notion that ki-
netic energy in the current sheets is dominated by the
(Alfve´nic) outflows (whose spatial profile [41] yields a flat
spectrum), plus background flows (both inside and out-
side the magnetic islands) on the scale of the dominant
islands[42].
The self-similarity of the magnetic spectra is clearly
demonstrated in the bottom panel of Fig. 4, where we
normalize the spectra to their respective maximum val-
ues at each moment of time, Umax(t), and the wavenum-
bers to the values kmax(t) at which Umax(t) are attained.
As seen, all curves essentially collapse onto the same
distribution, implying that U(k, t) can be factorized as
U(k, t) = Umax(t)U¯(k/kmax).
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FIG. 4. Raw (top) and normalized (bottom) magnetic power
spectra, for S0 = 1786. A k
−2 slope is shown for reference.
We also observe that kmax and Umax are roughly power-
law functions of time, kmax ∝ ∆t−β and Umax ∝ ∆t−θ,
where ∆t ≡ t − t0, as shown in the top two panels of
Fig. 5. Hence U(k, t) can be expressed as U(k, t) ∝
∆t−θU¯(k∆tβ), where U¯(k/kmax) becomes a universal
scaling function of the variable k∆tβ , consistent with
Eq. (7). As noted above, the spectra exhibit an iner-
tial range [k > kmax(t)] with a power-law dependence
on k: U ∝ k−γ (Fig. 4, top panel). Therefore, in the
inertial range, we have the power-law scaling function:
U¯(k∆tβ) ∝ (k∆tβ)−γ , and the power-law time depen-
dence of magnetic spectral energy density at any given k:
Uk(t) ∝ ∆t−α (Fig. 5, bottom panel), leading to the gen-
eral expression for the spectrum: U(k, t) ∝ k−γ∆t−α,
where α = γβ + θ (see also [12]).
The measured values of all the indices as well as the re-
lation between α and γ, can be compared with our model
[Eqs. (7)–(8)]. The results for different simulations are
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FIG. 5. Time evolution of kmax (top), Umax (middle) and Uk
(for selected values of k; bottom), for S0 = 1786.
summarized in Table I, where we also include a 40962
simulation performed with hyper-dissipation — this en-
ables us to extend the range of dissipation-free scales as
much as possible. We observe that as S0 increases, the
exponents approach our theoretical predictions.
Lastly, we have performed one run (η = 10−4, 40962
grid cells) where the initial condition is instead a
Gaussian-random magnetic field, with a spectrum nar-
rowly peaked around k0 = 8. We observe that the power-
law exponents obtained in this run are close to those in
the run with same η but with the periodic-islands ini-
tial configuration. This indicates that our reconnection-
based hierarchical model can describe the inverse mag-
netic energy transfer in a more general decaying 2D tur-
bulent system.
S0 β θ α γ
125 0.5 1.5 3.0 3.5
179 0.6 1.3 2.1 2.9
250 0.6 1.3 2.0 2.1
417 0.6 1.2 1.9 2.1
1250 0.5 1.1 1.8 2.0
1786 0.5 0.6 1.6 2.0
Hyper-diss 0.5 0.5 1.5 2.0
Theory 0.5 0.5 1.5 2.0
TABLE I. Variation of exponents with initial Lundquist num-
ber S0, compared with the prediction from the hierarchical
model.
Conclusion. We have introduced a solvable analytic
model to describe the inverse transfer of magnetic energy
arising from the hierarchical merger of magnetic islands
5via magnetic reconnection. We have also carried out di-
rect numerical simulations which show good agreement
with the predictions of the model, thereby identifying
reconnection as the mechanism that sets the properties
(including, importantly, the timescale) of such inverse en-
ergy transfer. These results — and, more generally, the
notion of reconnection as the enabler of inverse energy
transfer — are of broad applicability to various space
and astrophysical environments. They may, for exam-
ple, pave the way for understanding the long-term evolu-
tion of kinetic-scale seed magnetic fields: a longstanding
problem in plasma astrophysics with direct implications
to GRBs and galactic magnetogenesis.
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